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Excitons
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From  to L H















⇒ L(q, ω) = [L−1
0 (q) − Ξ(q)]−1

⇒ L−1
0 (q, ω) = [(D(q) 0

0 D(q)) − ω (I 0
0 −I)]

⇒ L(q, ω) = − [H(q) − ωΔ]−1

H(q) = (A(q) B(q)
B(q) A(q))

A(q) = D(q) + 2γxVrr(q) − γcWrr(q)

B(q) = 2γxVrr(q) − γcWra(q)

q = 0
TDA

D(q)

q

⇒ H := A(0)

H |ϕλ⟩ = Eλ |ϕλ⟩

Υr
ouk,q(r, r′￼) = ψok+ q

2
(r)ψ*

uk− q
2
(r′￼)



The Bethe-Salpeter Hamiltonian






Douk,o′￼u′￼k′￼
= (ϵuk − ϵok)δoo′￼

δuu′￼
δkk′￼

Vouk,o′￼u′￼k′￼
= ∬ d3rd3r′￼ ψ*ok(r) ψuk(r) V(r, r′￼) ψo′￼k′￼

 (r′￼) ψ*u′￼k′￼

(r′￼)

Wouk,o′￼u′￼k′￼
= ∬ d3rd3r′￼ ψok(r) ψ*o′￼k′￼

(r) W(r, r′￼) ψu′￼k′￼
(r′￼) ψ*uk(r′￼)

⇒ ∑
o′￼u′￼k′￼

HBSE
ouk,o′￼u′￼k′￼

Aλ
o′￼u′￼k′￼

= EλAλ
ouk

D(q)

q
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Interaction Kernels







Mijk(G, q) = ⟨ik |e−i(k+G)q | j(k + q)⟩

Vouk,o′￼u′￼k′￼
=

|G+q|max

∑
G

M*ouk(G, 0)Ṽq=0(G)M*ouk(G, 0)

Wouk,o′￼u′￼k′￼
=

|G+q|max

∑
GG′￼

M*oo′￼k(G, k′￼− k)(G)W̃k−k′￼
(G, G′￼)M*uu′￼k(G, k′￼− k)

C. Vorwerk, B. Aurich, C. Cocchi, C. Draxl, Electronic Structure, (2019)



Screening







Ṽq(G) =
1
Ω

4π
|G + q |

W̃q(G, G′￼) = Vq(G)[εRPA
GG′￼

(q, ω = 0)]−1

εRPA
GG′￼

(q, ω) = δGG′￼
− ∑

ijk

f(ϵjk+q) − f(ϵik)
ϵjk+q − ϵik − ω [Mijk(G, q)]

*
Mijk(G′￼, q)

C. Vorwerk, B. Aurich, C. Cocchi, C. Draxl, Electronic Structure, (2019)



Eλ

| tλ |2

Post Processing







Douk,j = i
⟨ψok |pj |ψuk⟩

ϵuk − ϵok

tλ,j = − i∑
uok

Aλ
uokDouk,j

εij
M(ω) = δij − 4π∑

λ (
t*λ,itλ,j

ω − Eλ + iδ
+

t*λ,itλ,j

−ω − Eλ + iδ )
C. Vorwerk, B. Aurich, C. Cocchi, C. Draxl, Electronic Structure, (2019)



Workflow in exciting
ground state / GW


ϵik, ψik

plane wave elements

Mijk(G, q)

exchange kernel

Vouk,o′￼u′￼k′￼

screened kernel

Wouk,o′￼u′￼k′￼

screening
εRPA

GG′￼
(q,0)

Optical absorption vector

Douk,j

IP transition 
energies

Douk,o′￼u′￼k′￼

diagonalize BSH


∑
o′￼u′￼k′￼

HBSE
ouk,o′￼u′￼k′￼

Aλ
o′￼u′￼k′￼

= EλAλ
ouk

postprocessing

tλ,j → εij

M(ω), …

C. Vorwerk, B. Aurich, C. Cocchi, C. Draxl, Electronic Structure, (2019)
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input.xml

• General settings


• Settings for 


• Settings for the screening 


• Settings for the BSE


• Momentum transfer 

ω

input.xml



plane wave cutoff

Parameters 
nemptyi = 1,...,

+Δ

nemptyi, j = 1,...,

H = D + 2γxV − γcW
γx = γc = 1













ϵik, ψik

Douk,o′￼u′￼k′￼
= (ϵuk − ϵok)δoo′￼

δuu′￼
δkk′￼

Vouk,o′￼u′￼k′￼
=

|G+q|max

∑
G

M*ouk(G, 0)Ṽq=0(G)M*ouk(G, 0)

Wouk,o′￼u′￼k′￼
=

|G+q|max

∑
GG′￼

M*oo′￼k(G, k′￼− k)(G)W̃k−k′￼
(G, G′￼)M*uu′￼k(G, k′￼− k)

εRPA
GG′￼

(q, ω = 0) = δGG′￼
− ∑

ijk

f(ϵjk+q) − f(ϵik)
ϵjk+q − ϵik

[Mijk(G, q)]
*

Mijk(G′￼, q)

input.xml




L(q, ω) = − [H(q) − ωΔ]−1

εij
M(ω) = δij − 4π∑

λ (
t*λ,itλ,j

ω − Eλ + iδ
+

t*λ,itλ,j

−ω − Eλ + iδ )

input.xml

intv 


points  #

→ [ωmin, ωmax]
→ ω

 must be always first!!!Γ

Parameters 
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Features
• TDA and non TDA 


• X-ray excitations  XAS, XES, XANES, EELS


• Exciton analysis tools


• Finite momentum transfer 


• Additive screening


• Fast solver 


• Detailed tutorials for everything

⇒ B(q) ≠ 0

→

⇒ q ≠ 0

→ 𝒪(Nk log Nk + N2
e )

New
!!!
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Scaling problem

∑
o′￼u′￼k′￼

HBSE
ouk,o′￼u′￼k′￼

Aλ
o′￼u′￼k′￼

= EλAλ
ouk

NoNuNk

NoNuNk

Setting the Hamiltonian up: 
𝒪(N2

oN2
uN2

k)

Diagonalizing the Hamiltonian: 
𝒪(N3

oN3
uN3

k)



N2
oN2

k

NoNuNk

Wouk,o′￼u′￼k′￼
=

1
N2

k ∫Ωl×Ωl

drdr′￼e−i(k−k′￼)(r−r′￼)u*uk(r)uu′￼k′￼
(r)W(r, r′￼)u*o′￼k′￼

(r′￼)uok(r′￼)

Vouk,o′￼u′￼k′￼
=

1
N2

k ∫Ωl×Ωl

drdr′￼u*uk(r)uok(r)V(r, r′￼)u*o′￼k′￼

(r′￼)uu′￼k′￼
(r′￼)

N2
uN2

k

ψik(r) = eik⋅ruik(r)
Scaling problem



Zik,jk′￼
(r) := u*ik(r)ujk′￼

(r) ≈
Nμ

∑
μ=1

ζμ(r)u*ik(rμ)ujk′￼
(rμ)

r

{ri}
Ng
i=1{ ̂rμ}Nμ

i=1 ⊂

≈ ×Z Θ C

(ik, jk′￼)

(ik, jk′￼)

rl

̂rμ

̂rμ

NvNcN2
k

NvNcN2
k

Nμ

NμNg
➡Least squares 

approximation:


     Θ = ZC*(CC*)−1

Nμ ≪ Ng

ISDF



Vouk,o′￼u′￼k′￼
≈

1
N2

k
∑
μ,ν

u*uk(rμ)uok(rμ){∫Ωl×Ωl

drdr′￼ζ*V
μ (r)V(r, r′￼)ζV

ν (r′￼)} u*u′￼k(rν)uo′￼k(rν)

Wouk,o′￼u′￼k′￼
≈

1
N2

k
∑
μ,ν

u*uk(rμ)uu′￼k′￼
(rμ){∫Ωl×Ωl

drdr′￼ζ*Wu
μ (r)Wk−k′￼

(r, r′￼)ζWo
ν (r′￼)} u*o′￼k′￼

(rν)uok(rν)

≡ Ṽμν ⇒ 𝒪((NV
μ )2N2

r )

≡ W̃k−k′￼,μν ⇒ 𝒪(NkNWo
μ NWu

μ N2
r )

Lanczos for 
diagonalization ⇒ H ⋅ X

Compressed Interaction Kernels

⇒ 𝒪(Nk log Nk + N2
e )

F. Henneke , L. Lin, C. Vorwerk, C. Draxl, R. Klein, C. Yang Commun. Appl. Math. Comp. Sci. 15, 89 (2020) 



Results
Optical Absorption: Diamond Scaling with Nk



input.xml
Choose the solver: direct or fastBSE











Maximum Lanczos iterations

uik(r)ūjk′￼
(r) ≈

Nμ

∑
μ=1

ζμ(r)uik( ̂rμ)ūjk′￼
( ̂rμ)

Vouk,o′￼u′￼k′￼
≈

1
N2

k

NV
μ

∑
μ,ν

u*uk( ̂rμ)uok( ̂rμ)Ṽμνu*u′￼k( ̂rν)uo′￼k( ̂rν)

Wouk,o′￼u′￼k′￼
≈

1
N2

k

NW
μ u

∑
μ

NW
μ o

∑
ν

u*uk( ̂rμ)uu′￼k′￼
( ̂rμ)Wk−k′￼,μνu*o′￼k′￼

( ̂rν)uok( ̂rν)



Thank you! 

C. Vorwerk, B. Aurich, C. Cocchi, C. Draxl, Electronic Structure, (2019)

F. Henneke , L. Lin, C. Vorwerk, C. Draxl, R. Klein, C. Yang Commun. Appl. Math. Comp. Sci. 15, 89 (2020) 


